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Abstract—The Furuta pendulum is a well-known
underactuated and naturally unstable system, which makes
stabilization methods very interesting to discuss. This work
provides a performance comparison of three different types of
controllers, which are proportional-integral-derivative (PID),
linear quadratic regulator (LQR), and linear model predictive
control (LMPC), on a Furuta pendulum system with external
disturbance consideration. From the simulation results, the
stabilizing controller was activated after the swing-up process
reached its switching threshold. The controller can keep the
Furuta pendulum system around its equilibrium states, and
bring the system back after a disturbance injection. Each of the
controllers has its own advantages and disadvantages evaluated
using three performance index parameters, which are integral
of square control input (ISCI), integral of time-weighted
absolute error (ITAE), and settling time. In the overall
performance evaluation, LMPC has the best and reasonable
response both in the stabilization and disturbance rejection
phase.
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l. INTRODUCTION

The inverted pendulum has been a challenging issue for
the control research community for decades. It is well known
that the system is fully underactuated and naturally unstable.
The system is also extremely nonlinear due to the gravitational
effects, making stabilization methods interesting to discuss.
There's an inverted pendulum problem that has been addressed
by prior research, such as wheel-based cart-inverted pendulum
system [1], monorail-based cart-inverted pendulum system
[2], and rotary inverted pendulum system, also well known as
the Furuta pendulum [3,4].

The Furuta pendulum offers an interesting design that
avoids the limited travel distance problem that occurs in the
cart-based design. Several works have been done to stabilize
the system at the equilibrium states. Some relevant works
focus on the initial movements to bring the pendulum near the
equilibrium states or swing-up strategy [3,5,6], and others
focus on the stabilization process.

Various controller types have been introduced to the
Furuta pendulum system to stabilize it upright. Some
examples are implementation of pole placement control
methods [7], proportional-integral-derivative (PID) control
[8], linear quadratic regulator (LQR) control [9,10], and many
more, including robust and learning-based controls [11,12].
While implementing a single type of controller could
demonstrate its ability to stabilize the Furuta pendulum,
comparing different types of controllers in a typical
environment was also interesting, since the controllers can be
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evaluated side-by-side to see which aspect needs to be
improved.

Some prior works on different control type
implementations for the Furuta pendulum were done, for
example, in [8,13-15], where Bang Bang-PID-Cascade PID,
PID-LQR, LQR - model predictive control (MPC), and PID-
LQR with disturbance were compared to evaluate the different
types of control methods for the Furuta pendulum. Mainly
resulted in better results in cascade PID, LQR, or the MPC
control methods. However, it is also interesting to see how a
classical control like PID behaves on the Furuta pendulum,
followed by an optimal control LQR, and then also compared
with an optimal model-based optimization control using
Linear MPC (LMPC). Most similar works with this type of
focus are done in [16]; however, it has a different kind of
actuated system (cart - inverted pendulum system).

Therefore, this paper mainly contributes to providing a
performance comparison of three different types of controllers
(PID, LQR, and LMPC) on a Furuta pendulum system.
Furthermore, external disturbance through the pendulum arm
is also introduced to see how different types of controllers
react to an unexpected disturbance. Finally, a numerical
simulation with an index performance evaluation will be
provided to evaluate each controller's performance.

Il.  SYSTEM MODELLING

A. Non-linear Model of Furuta Pendulum

Consider a schematic image of a Furuta pendulum shown
in Figure 1. In general, the system consists of two moving
parts, each of which is connected to an inertial body. The first
part is the central actuator pillar with a moment of inertia J
that connects rigidly to a horizontal arm with length |, and has
a homogenously distributed mass m, along the arm. The first
part connects directly and rigidly to the pendulum arm with
length I, and homogenously distributed mass m, via the end of
the horizontal arm. The pendulum arm has an attached point
mass M at its end. The actuator arm and pendulum arm angle
positions are represented by ¢ and 6, respectively.

The nonlinear model of this system can be found in [17],
which is given by:
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Fig. 1. Furuta Pendulum System

Where ¢ and @ is the center arm and the pendulum arm

rotation speed, respectively, and T(¢, ) = [rq,,re]T is the
force that is applied to the Furuta pendulum system in terms
of ¢ and 8. The other parameters D, C and g are described
by:
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a, f, vy and 6§ is a form of constant parameter
simplification that is defined by:
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With g denotes the earth gravitational force. The initial
non-linear model still does not accommodate the friction term.
Therefore, in this paper, the viscous friction term that comes
from the main and pendulum joint is considered. Let us

represent the viscous friction term for 6 and ¢ in this form
[17]:

Trp = 7717,4)4)
Tpo = M0

where 7 , and 75 stand for viscous friction force for ¢
and 6, respectively. Then, 1,4 and n,g is the friction
constant for ¢p and 6. Inserting the viscous friction factor to
the third term of equation (1) yields the new nonlinear
equation of the Furuta pendulum system.
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B. Linearization

Linear-type controllers (LQR and LMPC) will be used as
the stabilizing controller in this paper. To use this controller,
linearization of the non-linear model around the equilibrium
state is needed. Initially, we introduce the state variable of the
system as:

x=[¢,¢,0,60] (6)

The state equation is basically the time derivation of the
state x in the form of: dx/dt = f(x, T). Expanding the state
equation using the Taylor series at the equilibrium points

(o0 = [P0, B, 00, 6o]" and 1o = [0,0]7) yields:
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Where 8x is defined by 8x = x—x, . Solving the
Jacobian terms for (5) with respect to x and = for upward
position x, = [0,0,0,0]” will give us the A € R™" and B €
RS*S matrix in the form of:
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Controllability of the system is mandatory since the LQR
control requires a controllable system to have a unique
positive definite solution of the Ricatti equation.
Controllability is determined based on the rank calculation
using the formula N. =rank[B AB A’B A®B]
Considering the A and B matrix shown in the equation (8),
and by using MATLAB rank function, the resulting value of
N, is 4, showing that the system is controllable and satisfies
the controller's requirement. The non-linear equation (5) and
linearized state (8) can then be used for designing the
controller that will be used in this work, which is PID, LQR,
and LMPC.



I1l.  CONTROL ALGORITHM

A. PID Control

Proportional-Integral-Derivative (PID) control is a form of
classical control method for a wide range of applications. This
type of controller can be applied to both a non-linear and linear
system, and has a lower implementation complexity, making
it a fast and popular choice in the control system research. This
control is basically giving an input signal based on the
deviation of the process value to the target set point (error
signal, e). In this work, PID control will be used to control the
arm angle (¢) by using the pendulum angle error information
(eg = 6, — 6,) where 6, is the value of the 6 on time step t
and 6, is the value of the 6 target. The general form of the
PID control equation is:

ded(t)
dt

Where the K,,, K; and K, is the proportional, integral and
derivative gain parameter, respectively. Those gains in value
are manually tuned in this work, which works with the primary
objective of achieving the desired pendulum angle (6, as
quickly as possible. In the controlling process, often PID will
face some accumulating error issues in the integral error
terms, making the controller unstable for an extended period
of time. To overcome this issue, a simple form of anti-wind-
up integral error using conditional integration as discussed in
[18] is implemented in this work.

B. LQR Control

LQR control is part of an optimal control which optimize
a performance index shown L in the form of:
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With Q € %, and R € S5, are symmetric, positive semi-
definite matrix parameters that used to determine the relative
weights of the state variables and inputs. To optimize those
values, an appropriate value of T4 ;g is needed. This value is
determined based on the state feedback matrix calculations
shown in (11).

ToLor = —KX (11)

Where K = R™*BTP, with P € S, represents the solution
of the algebraic Riccati equation [19] in the form of:

0=PA+A"P-PBR'B"P+Q (12)

The value K significantly depends on the combination of
Q and R matrix. Several studies have been conducted to
determine those values based on trial and error, or another
optimization-based method [20]. Selection of Q and R matrix
is also often done based on the response time from swing up
to the stabilization process [19], which is also used in this
work to keep simplicity.

C. MPC Control

Model Predictive Control (MPC) is one of the modern
model-based optimization methods to control a linear or
nonlinear system. Using this type of controller, the system

model, along with the current state, will be used to predict the
future behavior of the system for a short period of time
(receding horizon predictions). A cost function will evaluate
the prediction, and then the appropriate control input sequence
will be chosen based on an optimization algorithm. First, the
optimal input will then apply to the real plant/system, and then
the algorithm will continue to calculate the next movement
prediction of the system, and so on.

Generally, to bring any system to a referenced point, the
set point tracking Linear MPC (LMPC) algorithm can be
effectively used to generate an optimal control sequence.
However, in this work, the Furuta pendulum system is
targeted to settle at the equilibrium with zero angle position (
¢, =, =6, =6, = 0), therefore, the set point tracking
will fall back to a traditional LMPC algorithm.

LMPC is implemented on a discrete optimization over N a
horizon step by solving this optimization problem [21]:

inf Hi
Td),LMPC,i
subject to: Ty, ypc; € U, X; € XV,
Xpt1i = AXp; + BTy impcpi i €T,

T €{0,1,..,N -1} (13)

Where 14 ,mpc and X; is a set of input control and state
sequence over the time horizon step i, where a minimum
control will be evaluated in every prediction horizon step h €
{i, ... i+ N—=13U =ty ypc € RS FTg mpc < g  and
X =x € R": F;x < g, are the constraint sets which basically
states that every state x and input t ;»pc Multiplied by the
constrained state and input matrices F,, F. should be less
than the constrained tracking matrices g, and g,,. The cost
function H;, which is optimized by the equation (13), is a form
of quadratic sum of the states and control inputs stated in the
equation (14).
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Where Qy € R™™7,Q; ER"™",Ry € R**S are the
weighting that is used to penalize the tracking state, error at
the end of prediction horizon and the control effort,
respectively. Further step-by-step numerical methods to solve
the optimization problem in (13) are not the scope of this
paper, and we directly use the same step that is used in [21].

(14)

It is worth mentioning that the problem (13) assumes that
the state space equation used is in the form of a discrete-time.
Therefore, in this work, the state A B is initially converted
from continuous to discrete using zero-order-hold methods
[22]. The conversion process is done using the MATLAB
algorithm c2d.

D. Disturbance Modelling

During stabilization periods, every control system
algorithm has its own sensitivity against external disturbance.
Therefore, exact same value of disturbance applied to the
system will give a different deviation effect.

In this work, each controller is subjected to a disturbance
torque adjusted to achieve the same pendulum angular



TABLE I

SIMULATION PARAMETERS

Parameter Value Parameter Value Parameter Value
] 0.1531 kgm? Nu.¢ 0.337 Nm s/rad Qy diag(10,5,100,5)
l, 0.3m U 0.035 Nm s/rad Q; diag(10,5,100,5)
m, 1lkg K, -17 Ry 0.1
L, 0.205m K; -18 F. [1;1]
m, 0.3 kg Ky -25 g+ [10; -10]
g 9.81 m/s? R 1 N 10
Tga.pID 0.623 Nm Tod,LQR 4.2 Nm Tga LMPC 1.081 Nm
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Fig. 2. Simulation data: (a), (b), (c) is the plot of ¢, 8, and T, during stabilization phase; and (d), (e), (f) is the plot of ¢, 8, and z,,. during disturbance introduction.

TABLE II. CONTROLLER PERFORMANCE EVALUATION PARAMETERS VALUE
Stabilization Disturbance Introduction
Controller . _ . _
ITAE (rads) | ISCI((Nm)) | Settling Time (s) | ITAE (rads) ISCI (Nm)?) Settling Time (s)
PID 0.27 23.94 3.44 0.71 12.41 3.56
LQR 0.06 7.54 1.42 1.57 298.73 2.87
LMPC 0.04 5.32 0.96 0.63 22.18 291

deviation. The use of different disturbance magnitudes does
not intend to represent unfair testing, but serves as a simple
quantitative robustness assessment across different control
strategies. Using this method allows direct evaluation of the
controller's capabilities for disturbance rejection, where
stronger controllers will obviously require more torque to
disturb it. To give a natural disturbance effect, the value of
disturbance will be applied as a sudden change in the
pendulum arm input (e input control () in (5) can be rewritten
to:

(¢, 0) = [tg Toa| (15)

where 74 is the control input from the controller
calculations and g4 € {Tga,pip, Toa,Lors ToaLmpc) 1S the
disturbance input.

E. Swing-Up Strategy

In a real-life scenario, the Furuta pendulum system will
naturally stay downward and needs to be brought up until it is
near the equilibrium position. Since the controller mostly
works on the linearized model that works around the
equilibrium state, a switching controller is needed. The swing
up controller will be used to bring up the pendulum near its
equilibrium state, and then it will be switched to the
stabilization control.

Tpsr
T¢ = { ¢s
Td)c,

for0 < |0| <m/6

for |0] = ®/6 (16)

With 74, is generated using the simple energy-based
swing up methods like what is used in [5], and 74, €
{T,piD Tp,Lors Tp,Lmpc) 1S the input control signal from the

controller calculations. Using (16), the system will initially
bring up near the equilibrium (0 <|6| < m/6) then the
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stabilization algorithm will take place and stabilize the
pendulum at the upright positions.

IV. SIMULATION RESULT AND DISCUSSION

To control the furuta pendulum system described in the non-
linear equation (5), numerical discrete time-step simulation is
done using the MATLAB software. Initially, the system will
be positioned at the steady downward state x, = [0,0,, 0],
and then bring upward using (16) until |6] is reached /6.
When the switch condition is achieved and 4 is moved to
T4, last state will be recorded and feed to the three different
controller, PID (9), LQR (11) and LMPC (13).

All of the simulation and system parameters can be seen
in Table 1. Initially, disturbance (tg4) is assumed to be
neglected, and a significant disturbance is only applied
around three seconds after the stabilization reaches its steady
state conditions for each controller. The controller will
calculate each of its control input signals in every time step
(0.001s or 1000Hz in this work), and then the input will be
fed to the non-linear equation (5) to get the updated state.
Updating the state requires some integration process to get
the next step state. Therefore, in this work, the Runge-Kutta
method of order 4 (RK4) is used to integrate the system
output. The resulted states changes are then plotted and
analyzed using a performance index evaluation: Integral of
Time-weighted Absolute Error (ITAE) to value the time
needed to reach the steady state value, Integral of Square
Control Input (ISCI) to value the energy usage of the
controller, and settling time to see the time needed from the
controller start to react until equilibrium is reached.

The results of numerical simulations are shown in fig. 2
and Table 2. Initially, swing-up is executed to bring up the
pendulum arm from downward positions to reach near
equilibrium using (16). The latest state value from the swing
up execution ( x5 = [—1.9933,1.9873,
0.5229,-2.0135]T) is then fed to the controller to get
stabilized towards the reference state x, . During the
stabilization phase, the control response (ITAE) of LMPC
becomes the best related to LQR and PID, although LQR
control is the one that has the lowest overshoot angle. In terms
of stabilization time, it is also done faster using LMPC (0.96
s), followed by LQR (1.42 s) and PID (3.44 s). While LMPC
and LQR can reach a steady arm position at a stable position,
PID is constantly moving the arm to the left, caused by a
continuous small error that is proportionally compensated by
the algorithm. Thus, the energy consumption of the PID in
the stabilization phase becomes the biggest (23.94 (Nm)?),
while LMPC is the lowest (5.32 (Nm)?), followed by LQR
(7.54 (Nm)?).

An interesting pattern was seen when the system is
disturbed until it deviates for around 16° (0.279 rad), where
LQR is the one that reacts faster, but also overshoots much
larger than the other two controllers. Although it converges
faster than the others (LQR is 2.87s vs 2.91s for LMPC and
3.56s for PID), the energy consumption during disturbance
stabilization of LQR is the largest (298.73 (Nm)?). At the
same time, PID and LMPC only take 12.41 (Nm)? and 22.18
(Nm)? energy usage, respectively. Control response during

the disturbance stabilization also gave a similar pattern,
where LQR was the worst, followed by PID and LMPC as the
best. However, it can also be seen that the energy used to
disturb the LQR control (4.2 Nm) is also higher than LMPC
(1.081 Nm) and PID (0.62 Nm). LQR is quite stiff and
sensitive to external disturbance, while LMPC is less
sensitive since it keeps its minimum effort constraint. PID is
more uncomplicated to disturb since it only relies on the state
error to generate the control signal.

Overall, the proposed controlling methods can stabilize
the Furuta pendulum system to the upright positions with
their own advantages and disadvantages, which can be
summarized as:

1) Classical PID control is the one that has the smallest
complexity in terms of implementation and controller design.
It can be set to react faster to every small error and works with
a nonlinear system flawlessly. However, the tuning process is
tricky for a volatile system like the Furuta pendulum. Also, it
converges more slowly to the equilibrium state, making the
energy consumption higher.

2) LQR control tackles the needs of fine-tuning the PID
and guarantees a stable tracking process. This type of
controller can reach the equilibrium using a smaller amount
of energy and a faster converging time. However, since it is
designed to optimize infinitely with a single gain value, it is
not adaptive to any disturbance that happens during the
stabilization process.

3) LMPC, on the other hand, offers some optimal control
input in every step that always works under the constraint
criteria. This type of control gives a reasonable converging
speed and energy usage, while keeping the control effort and
angle overshoot as low as possible. However, this type of
controller requires higher computation resources (1190 us vs
PID 266 us and LQR 253 pus), since it needs to compute its
optimal input in every step and receding horizon prediction
step.

V. CONCLUSION

In this paper, three different types of stabilizing
controllers were employed on a Furuta pendulum system. The
stabilizing controller was activated after the swing-up process
reached its switching threshold. The controller can keep the
Furuta pendulum system around its equilibrium states, and
bring the system back after a disturbance injection. Each of
the controllers has its own advantages and disadvantages
evaluated using three performance index parameters, which
are ISCI, ITAE, and settling time. In the overall performance
evaluation, LMPC has the best and reasonable response both
in the stabilization and disturbance rejection phases. Future
work can be done to refine the controller to have a much
better performance, such as using a gain-scheduled
controlling system, cascade control, nonlinear MPC, and
LQG. It is also interesting to test the proposed
algorithm/methods on a real Furuta pendulum system, and
give the same exact-measured disturbance effect to the
system.
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